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By introducing a normal self-energy to incorporate the effects of magnetic impurities, Kondo
effects in single-walled metallic carbon nanotubes are investigated within the Anderson model and
Landauer formula. Magnetic impurities induce Kondo resonance and bring a valley of conductance
function near the Fermi level. The conductance of the nanotube increases with the temperature in
the low temperature range. Thermoelectric power induced by magnetic impurities is gotten from
Mott relation, and the calculations indicate its dependence on the temperature could interpret the
experiment well.
PACS numbers: 73.23.-b, 73.63.Fg, 75.20.Hr
I. INTRODUCTION
Research on the carbon nanotubes has attracted much
interest due to their unique properties and great ap-
plication potentials. A single-walled carbon nanotube
(SWNT) can be metallic or semiconducting depending on
its radius and chirality.1 The properties of carbon nan-
otubes can be greatly modified by defects or impurities,2
which may be introduced in the production of nan-
otubes or be doped artificially. The role of magnetic
atoms or clusters in the carbon nanotubes is interest-
ing and may have significant effects on the electronic
transport properties. The earlier thermoelectric power
(TEP) measurements on single walled carbon nanotube
mats suggest that the observed giant TEP comes from
the contributions of Kondo state induced by magnetic
transition-metal catalysts.3 In addition, low-temperature
scanning tunnelling microscopy (STM) spectroscopy is
probed for isolated nanometer ferromagnetic cobalt clus-
ters on surface of metallic single-walled carbon nan-
otubes. The results clearly indicates the appearance of
Kondo resonance.4
Magnetic impurities in non-magnetic metallic host,
which are called Kondo impurities, have been explored
in bulk systems for many years. The most attracting
features are that they bring a series of anomalies on the
physical properties of the host, including conductance,
specific heat and thermoelectric power (TEP) and so on.5
They are generally called Kondo effects. Recently, the
Kondo effects in mesoscopic systems, such as quantum
dots and carbon nanotubes,6,7,8 arouse many attentions
for their unique properties. In a semiconductor quantum
dot or a carbon nanotube quantum dot, the conductance
shows different behavior depending on whether the num-
ber of electrons confined in the dot is even or odd. By
introducing magnetic impurities into a carbon nanotube,
an one-dimensional Kondo system is formed9,10 and may
lead to some important applications. The schemes by
employing this magnetic impurities/SWNT systems to
generate quantum entanglement states for quantum in-
formation processing, a potential field in the future, have
been proposed.11,12
A theoretical study on magnetic clusters in carbon
nanotubes has given STM spectra and the dependence
of Kondo temperature on the size of magnetic clusters.13
Besides that, the density of states (DOS) for metallic
carbon nanotubes with a magnetic impurity is investi-
gated by utilizing the perturbation theory, and give re-
sults which agree well with the experiments.14,15 How-
ever, the transport properties of a metallic SWNT with
magnetic impurities have not been investigated system-
atically so far. In this paper, Anderson model is used
to describe the system and the transport properties are
studied within the Landauer formula. The conductance
and the TEP at finite temperature are explored. The
relation between the temperature and the Kondo effect
is found to interpret the experiment well.
II. MODEL AND FORMULA
The magnetic impurities/SWNT system can be as-
sumed that it gets the contribution from the sum of the
isolated impurities, if the impurity density is dilute and
the interaction among them can be neglected. Then it
can be described by a single-orbital Anderson model.16
The Hamiltonian of the whole system can be written as:
H =
∑
k,σ
εkC
+
k,σCk,σ +
∑
σ
εdC
+
d,σCd,σ
+
∑
k,σ
(VkC
+
k,σCd,σ + V
∗
k C
+
d,σCk,σ) + Und,↑nd,↓
(1)
where the first term describes the conduction electrons of
nanotubes in a frame of tight-binding model. C+k,σ and
Ck,σ are creation and annihilation operators for Bloch
states of wave vector k and spin component σ, corre-
sponding to energy εk. In the second term, εd is the
energy of the localized d level of the impurity, and C+d,σ
and Cd,σ are creation and annihilation operators for an
electron in this state. Here we ignore the orbital degen-
eracy of the d level and treat it as a state with spin ↑ and
spin ↓ degeneracy only. The third term describes over-
lap of localized level with the wavefunction of conduction
2electrons in carbon nanotubes, and Vk is the hybridiza-
tion matrix element. For the last term, U is the onsite
Coulomb repulsive interaction between electrons in local-
ized state, and nd,σ = C
+
d,σCd,σ.
The route to work on this Hamiltonian can be based
on equations-of-motion method for the double-particle
imaginary-time Green function14. Applying this method
to the above Hamiltonian, we get
Gs(ε) = G
0
s(ε) +G
0
s(ε)
(∑
k
VkG
d(ε)V ∗k
)
G0s(ε) (2)
Gd(ε) =
(
ε− εd −
∑
k
Vk
1
ε− εk
V ∗k − Σd
)−1
(3)
Comparing the Gs with perturbation expansion G =
G0 +G0Σ
′G0, we get the self-energy of conduction elec-
trons, Σ′s =
∑
k VkGdV
∗
k . Therefore, how to get G
d is the
key to implement calculation. A rapidly convergent per-
turbation method was firstly proposed and developed in
a series papers by Yamada and Yosida.17,18 Afterwards,
Zlatic´ and Horvatic´ extended this method to calculate
the DOS of localized electrons for the asymmetric non-
degenerate Anderson model.19,20 It has been verified that
the DOS calculated according to the above method of
Zlatic´ et al. agrees well with the Bethe ansatz results
in the dilute magnetic alloy region.21 We apply their
method to calculate the self-energy at finite temperature
up to the second-order correction.
The retarded second-order self-energy is obtained as
ΣRd (ω) =
∆
2
u2
{∫ +∞
−∞
tanh(
β∆ε
2
)Im[G˜R0 (ε)]χ˜0(
ω
∆
− ε)dε
+P
∫ +∞
−∞
coth(
β∆ε
2
)G˜R0 (
ω
∆
− ε)Im[χ˜0(ε]dε
}
(4)
where
G˜R0 (ε) = (ε−
Ed
∆
+ i)−1,
χ˜0(ε) =
−1
ε(ε+ 2i)
{
Ψ
[
1
2
+
β∆
2pi
(1 + i
Ed
∆
− iε)
]
+Ψ
[
1
2
+
β∆
2pi
(1− i
Ed
∆
− iε)
]
−Ψ
[
1
2
+
β∆
2pi
(1 + i
Ed
∆
)
]
−Ψ
[
1
2
+
β∆
2pi
(1− i
Ed
∆
)
]}
.
Three parameters has been taken to describe the model:
u = Upi∆ , Ed = εd +
1
2 〈nd〉, and ∆ =
pi
2 ρ(0)V
2. ρ(0) the
DOS near the EF for the nanotube.
The self-energy Σd(ω) and the Green function G
d(ω)
depend on temperature both explicitly, through β, and
implicitly, through the temperature dependence of Ed.
So for the case of finite temperature, the iteration is
needed to reach the self-consistent results.
nd = −
2
pi
∫ ∞
−∞
dεf(ε/kBT )ImG
R
dσ(ε) (5)
GRdσ(ε) = {ε−∆[
E0d
∆
+ u tan−1
E0d
∆
1
2
piu(1− nd)
+ΣRdσ(w, T, u,
E0d
∆
)/∆] + i∆}−1.
(6)
Here E0d is taken as initial intput, the initial n
0
d can be
judged from solve the transcendental equation.
cot
(pi
2
n0d
)
+
pi
2
u(1− n0d) = (E
0
d/∆)+
u tan−1(E0d/∆) + Σ
R
d,σ(ε = 0, T = 0, E
0
d/∆)/∆.
(7)
In order to investigate the transport properties, we
take the whole system as a two-terminal device. A long
(10, 10) armchair nanotubes with magnetic impurities
is investigated, and two semi-infinite (10, 10) armchair
nanotubes connected the are taken as ideal leads.
III. RESULTS AND DISCUSSION
A. Resistivity
The transport through mesoscopic system can be cal-
culated within the Landauer formula.22
G(E, T ) = G0Γ
LGrΓRGa (8)
where G0 = 2e
2/h is the conductance quanta. ΓL(R) is
the coupling matrix between the left (right) lead and the
conductor. Gr is the retarded Green’s function which
can be written as
Gr =
1
E −Hc0 − Σ
∗
m − Σ
L − ΣR
(9)
Here Hc0 is the Hamiltonian matrix of the conductor that
represents the interaction between the atoms in the car-
bon nanotubes, and ΣL(R) is the self-energy function that
describes the effect of the left (right) lead, computed by
using the surface Green’s function matching theory.23 Σ∗m
is the normal self-energy function that incorporate the ef-
fects of magnetic impurities, and relates to the self-energy
Σ′ through
Σ∗m =
Σ′s
1 +Gs0Σ
′
s
. (10)
As stated above, Σ′s can be gotten by comparing with
the results with the perturbation expansion of Green’s
function.
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FIG. 1: Density of states and conductivity of a (10,10) nan-
otube with magnetic impurities for (a, b) Symmetric case,
u = 2.0 and Ed = 0, (c, d) Asymmetric case, u = 2.0 and
Ed = 0.5∆ at different temperature
.
Fig. 1(a) and (b) give the DOS and the conductance
function for the symmetric case (Ed = 0) with u=2.0.
At T = 10−5K, a triply peaked structure appears. A
narrow resonant peak appears at the EF , and is called
Kondo resonance. It is induced by the flip scattering due
to magnetic impurities. The two broad peaks, one below
and one above the EF , are two localized peaks caused by
effective local impurity energy level. Their separation is
approximately U . Correspondingly, the conduction func-
tion shows valley, as shown in (b). The narrow valley at
the EF is just result from the Kondo resonance. With the
increase of temperature, the Kondo resonance and the
conductance valley fades out gradually. The two broad
peaks are kept and their position is given in Hartree-Fock
approximation. The results for an asymmetric case with
Ed = 0.5∆ are given in Fig. 1(c) and (d). The two broad
peaks are not symmetric with respect to EF any longer,
and the position of Kondo resonance is little deviated
from the EF . The conduction function possess the same
character. In experiment, the DOS can be detected by
the differential conductance through STM measurement.
∆ parameterizes the solution of Anderson model and
is proportional to the radius of nanotube. It is deter-
mined by the hybridization between conduction electron
and the impurity electron, V , and the density of states
of nanotubes near the EF ,ρ(0). For a (n,n) armchair
nanotube, ρ(0) is inversely proportional to the radius.
Then ∆ is proportional to n. Then the results will be
suppressed for the nanotube with bigger radius. For a
certain type magnetic impurity, Coulomb interaction U
is not related to the radius of nanotube. So parameter
u = U/pi∆ is inversely proportional to the radius.
The conductivity at finite temperature can be got as:
G(T ) = G0
∞∫
−∞
(
−
∂f
∂E
)
T (E)dE (11)
We investigate the effects on the conductance at finite
temperature. The increasing temperature suppress the
0.0 0.5 1.0 1.5 2.0 2.5
1.50
1.55
1.60
0.0 0.5 1.0 1.5 2.0 2.5
1.50
1.55
1.60
0.75
u=1.5
 
 
 G
/G
0
KBT/
Ed=0
(a)
0.75
Ed=0
u=2.0
 
 
 G
/G
0
KBT/
(b)
FIG. 2: R versus temperature for u = 1.5 and u = 2.0 for
different Ed
Kondo resonance and enhance the conductance at EF .
The results are given in Fig. 2 for different parameters.
The conductance increases with the increasing tempera-
ture, and then get saturated. Increasing temperature en-
hances the conductance G, which is clear the evidence of
Kondo effects. The transport is ballistic and contributes
to 2G0 at any temperature as no impurities appear in
a nanotube. When the magnetic impurity emerges, the
electrons suffer scattering when passing through the con-
ductive channel. In Fig. 2(a), the Coulomb strength
u = 1.5, the conductance changes smaller and gets satu-
rated at lower value. The Coulomb strength u = 2.0 in
Fig. 2(b). For different Ed, the conductance behaves dif-
ferently. For small Ed, the conductance starts at a higher
value and changes relatively smaller with respect to the
bigger Ed.
B. Thermoelectric power
Thermoelectric power (TEP) is an important transport
coefficient, because it is related to the energy derivative
of electrical conductivity at the EF . The contribution
of magnetic impurities to the low-temperature diffusion
TEP S is calculated by Mott relation:
S(T ) = −
−pi2k2B
3e
T
(
dlnσ(ε)
dε
)
EF
(12)
It is valid in one-dimensional system by incorporating the
Landauer formula for the conductance.24
TEP is sensitive to the position of Kondo resonance
peak, which determine the sign of TEP. TEP of an indi-
vidual SWNT has been measured, and gate electric field
dependent TEP modulation is found. The effects of de-
fects cause the valley of conductance, and then TEP will
change the sigh when changing gate voltage Vg. We give
the results of G and at TK = 0.001∆ for a (10, 10) nan-
otube. But here the Kondo resonace make the structure
different. For the symmetric Anderson model at low tem-
perature, the TEP changes its sign, as shown in Fig. 3.
For symmetric model, which keep the electron-hole
symmetry, the TEP always equals to 0. But for asym-
metric model in Kondo regime, TEP increases and then
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FIG. 3: TEP for u = 1.5 and u = 2.0 for different Ed
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FIG. 4: TEP versusKBT for with Ed = 0, 0.25∆, 0.5∆, 0.25∆
(a)u = 1.5 and (b)u = 2.0
decreases which can interpret the observed phenomenon
for the system of nanotubes with transition metal cata-
lyst. Fig. 4 gives the TEP as a function of KBT/∆. (a)
is for the case of u=1.5 and (b) corresponds to the case
of u=2.0. It is clear shown that the TEP gets a increase
then decrease process. It is the evidence of Kondo ef-
fects. Comparing the two figures, we find that for bigger
E0d the TEP will need higher temperature to reach the
peak value. It is the same for smaller u.
Since the u and E0d relates to the Kondo temperature
Tk, here we study the TEP in the scale of Tk. At low
bias, the EF can be assumed that it does not shift when
the density of impurities is small. Fig. 6 gives the results
for different TEP versus KBTk/∆, Tk is given by:
25
KBTk = U(
∆
2U
)1/2epiε(ε+U)/2∆U (13)
We adjust the x scale according the Tk, and give results
consistent with the experimental measurements.
IV. SUMMARY
By introducing the normal self-energy contributed by
the magnetic impurities in the single-walled metallic car-
bon nanotubes, we have studied the electric transport
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FIG. 5: TEP versus T in the absolute unit, the dot is the
experimental data for Ref.??
properties at finite temperature within the Anderson
model and Landauer formula. The magnetic impurities
induce Kondo resonance near the EF , and hence the con-
ductance valley appeared. As the temperature increases,
the Kondo resonance and the conductance valley fade
out for both the symmetric and asymmetric case. For
bigger radius nanotubes, the width of resonant peak and
the conductance valley at low temperature is suppressed.
With the increasing temperature, the conductance of the
nanotube increases in the low temperature range.
Based on the Mott relation, the TEP of carbon nan-
otubes with magnetic impurities has been also investi-
gated. It changes the sign near the EF due to the Kondo
resonance. At low temperature TEP increases with the
increasing temperature, and then it decreases after reach-
ing a peak value. The stronger Couloumb strength or the
bigger Ed is, the earlier the TEP reaches the peak value.
When scaled according to the Kondo temperature, the
dependence of TEP on the temperature is found to in-
terpret the experiment well.
Our studies on the magnetic impurities in metallic car-
bon nanotubes gives Kondo characters of electric trans-
port properties in mesoscopic system. Further experi-
ments would be expected to explore the roles of magnetic
impurities in the carbon nanotubes.
V. ACKNOWLEDGEMENTS
The authors gratefully acknowledge financial supports
from NSF China (Grant No. 10574077), the“863” Pro-
gramme of China (No. 2006AA03Z0404) and the “973”
Programme of China (No. 2005CB623606) are gratefully
acknowledged.
5∗ Electronic address: zjl-dmp@tsinghua.edu.cn
1 R. Saito, G. Dresselhaus, and M. S. Dresselhaus, Physical
Properties of Carbon Nanotubes (Imperial College Press,
London, 1998).
2 H. F. Song, J. L. Zhu, and J. J. Xiong, Phys. Rev. B 66,
245421 (2002).
3 L. Grigorian, G. U. Sumanasekera, A. L. Loper, S. L. Fang,
J. L. Allen, and P. C. Eklund, Phys. Rev. B 60, R11309
(1999).
4 T. W. Odom, J. L. Huang, C. L. Cheung, and C. M. Lieber,
Science 290, 1549 (2000).
5 A. C. Hewson, The Kondo Problem to Heavy Fermions
(Cambridge University Press, Cambridge, England, 1993).
6 V. Madhavan, W. Chen, T. Jamneala, M. F. Crommie,
and N. S. Wingreen, Science 280, 567 (1998).
7 S. M. Cronenwett, T. H. Oosterkamp, and L. P. Kouwen-
hoven, Science 281, 540 (1998).
8 M.-S. Choi, R. Lopez, and R. Aguado, Phys. Rev. Lett.
95, 067204 (2005).
9 J. A. T. Costa, D. F. Kirwan, and M. S. Ferreira,
Phys. Rev. B 72, 085402 (pages 8) (2005), URL
http://link.aps.org/abstract/PRB/v72/e085402.
10 V. B. Shenoy, Phys. Rev. B 71, 125431 (pages 6) (2005),
URL http://link.aps.org/abstract/PRB/v71/e125431.
11 J. A. T. Costa and S. Bose, Phys. Rev. Lett. 87, 277901
(2001).
12 J. A. T. Costa, S. Bose, and Y. Omar, Phys. Rev. Lett.
96, 230501 (2006).
13 G. A. Fiete, G. Zarand, B. I. Halperin, and Y. Oreg, Phys.
Rev. B 66, 024431 (2002).
14 F. Wei, J. L. Zhu, and H. M. Chen, Phys. Rev. B 67,
125410 (2003).
15 F. Wei, J. L. Zhu, and H. M. Chen, Journal Of Electron
Spectroscopy And Related Phenomena 133, 11 (2003).
16 P. W. Anderson, Phys. Rev. 124, 41 (1961).
17 K. Yamada, Prog. Theor. Phys. 55, 1345 (1976).
18 K. Yosida and K. Yamada, Prog. Theor. Phys. 53, 970
(1975).
19 B. Horvatic´ and V. Zlatic´, Phys. Stat. Sol. (b) 99, 251
(1980).
20 Z. V., B. Horvatic´, and D. Sˇokcˇevic´, J. Phys.: Condens.
Matter 59, 151 (1985).
21 B. Horvatic´, D. Sokcevi, and V. Zlatic´, Phys. Rev. B 36,
675 (1987).
22 S. Datta, Electronic Transport in Mesoscopic System
(Cambridge University Press, Cambridge, England, 1995).
23 F. Garcia-Moliner and V. R. Velasco, Theory of Single and
Multiple Interfaces (World Scientific, Singapore, 1992).
24 U. Sivan and Y. Imry, Phys. Rev. B 33, 551 (1986).
25 T. A. Costi, A. C. Hewson, and V. Zlatic´, J. Phys.: Con-
dens. Matter 6, 2519 (1984).
